ABSTRACT. We introduce W -spin structures on a Riemann surface Σ and give a precise definition to the corresponding W -spin equations for any quasi-homogeneous polynomial W . Then, we construct examples of nonzero solutions of spin equations in the presence of Ramond marked points. The main result of the paper is a compactness theorem for the moduli space of the solutions of W -spin equations when W = W (x 1 ,... ,x t ) is a nondegenerate quasi-homogeneous polynomial with fractional degrees (or weights) q i < 1/2 for all i. In particular, the compactness theorem holds for the superpotentials E 6 ,E 7 ,E 8 , or A n−1 ,D n+1 for n ≥ 3.
INTRODUCTION
Since Donaldson's remarkable work in the 1980's regarding anti-self dual equations on 4-manifolds, the study of the solution space (moduli space) of a nonlinear elliptic PDE has attracted a great deal of attention in geometry and topology. For example, the famous Donaldson invariants, Seiberg-Witten invariants and Gromov-Witten invariants were constructed out of the moduli space of anti-self dual Yang-Mill's equations, the SeibergWitten equations, and the∂ equation, respectively. These invariants have revolutionized many subjects of mathematics. There is a well-known program originated by Donaldson and Taubes to construct invariants out of an elliptic equation. The first, and often most important, step is to study the analytic properties of equations such as compactness and Fredholm theory. Once the elliptic equation under study possesses nice analytic properties, we can apply sophisticated machinery to extract topological invariants. It is often a difficult problem to show that an elliptic equation has "nice" analytic properties. In terms of the analytic framework, the best understood ones are conformally invariant first order equations such as the anti-self dual equation on a 4-manifold and the∂ -equation in two dimensions. One can understand these two types of equations through Uhlenbeck's bubbling analysis. Beyond conformally invariant equations, there is not yet a standard framework. In this paper, we study a new type of elliptic equation (spin equation) on Riemann surfaces introduced by Witten. A spin equation is of the form
where W is a quasi-homogeneous polynomial, and u i is interpreted as the section of an appropriate orbifold line bundle on a Riemann surface Σ. Typically, a spin equation is not conformally invariant. The simplest spin equation (A r−1 case) is of the form ∂ u + rū r−1 = 0.
It was introduced by Witten [24] more than ten years ago as a generalization of topological gravity. Somehow, it was buried in the literature without attracting much attention. Recently, Witten generalized it to a spin equation for an arbitrary quasi-homogeneous polynomial [25] and coined it the "Landau-Ginzburg A-model." There appears to be a mirror symmetry between this theory and usual Landau-Ginzburg theory (B-model) [12, 13] . The construction of invariants and the application to mirror symmetry will be left to a separate article. We will focus on the analytic aspect of the theory. We begin with a brief history of the motivation behind the spin equation. Around 1990, Witten proposed a remarkable conjecture relating the intersection number of the DeligneMumford moduli space of stable curves with the KdV integrable hierarchy [23] . His conjecture was soon proved by Kontsevich [14] . About the same time, Witten also proposed a generalization of his conjecture. In his generalization, the stable curve is replaced by a certain root of the canonical bundle (spin-curve) and the KdV-hierarchy was replaced by certain, more general, KP-hierarchies called nKdV, or Gelfand-Dikii, hierarchies. Since then, the moduli space of spin-curves has been rigorously constructed by the second author and his collaborators [1, 9, 10, 11] .
An important phenomenon in the theory of spin curves is the appearance of NeveuSchwarz and Ramond marked points. Recall that u i is the section of a certain orbifold line bundle L i . Assume that all the orbifold points are marked points. A marked point with trivial orbifold structure is called a Ramond marked point, and otherwise it is called a NeveuSchwarz marked point. Contrary to intuition, Ramond marked points are much harder to study than Neveu-Schwarz marked points. If there is no Ramond marked point, a simple lemma of Witten's shows that the spin equation has only the zero solution. Therefore, our moduli problem becomes an algebraic geometry problem. In fact, Witten conjectured that the contribution of a Ramond marked point to the corresponding field theory is zero in the A r−1 case (the decoupling of the Ramond sector). This was proved true for genus zero in [11] and for higher genus in [19] . This is partly why the moduli space of spin curves has been around for a long time while the spin equation seems to have been lost in the literature. In the course of our investigation, we discovered that in the D n -case the Ramond sector gives a nonzero contribution. Hence, we have to develop a theory to account for the contribution of the solution of the spin equation in the presence of Ramond marked points.
The situation would be relatively simple if one could show that the solution has to be zero as in the case of pure Neveu-Schwarz marked points. Unfortunately, this is not the case, as we were able to construct a nonzero solution of the spin equation. Therefore, we have no choice but to develop a full moduli theory of spin equations with Ramond marked points. This is the first of a series of articles to accomplish that task.
Define M r (Σ,W ) to be the space of regular solutions (u 1 , . . . , u t ) of the W -spin equations on Σ, and let M (Σ,W ) be the solution space of W -spin equations which contains both the regular and the singular solutions. Now we can formulate our main theorems as follows: Theorem 1.1 (Inner compactness). Suppose W = W (x 1 , . . . , x t ) to be a non-degenerate quasi-homogeneous polynomial with fractional degrees (or weights wt(x i )) q i = wt(x i ) ≤ 1/2. Let E(u) := ∑ z l :Ramond ∑ j:W j is Ramond at z l Res z l (W j (u 1 , . . . , u t )) be the residue map from 
Remark 1.4. Because of the W -spin structure, W (u 1 , . . . , u t ) takes value in the log-canonical bundle, hence we can take the residue at the Ramond marked points. Theorem 1.1 means that a sequence of points {u l = (u l 1 , . . . , u l t )} in M r (Σ,W ) loses compactness if and only if E(u l ) → +∞. The crucial identity connecting the total residue and the natural energy of the sections will be given in Theorem 5.5. Theorem 1.2 means that all the possible blow-up points of a sequence of solutions in M (Σ,W ) are Ramond marked points. Theorem 1.3 means that we can compactify the space M r (Σ,W ) in some L p topology so that its closure is just M (Σ,W ). Remark 1.5. Our requirement for the fractional degrees of W is sharp. If the fractional degree q i = 1/2 for some i, then the weak and the strong compactness theorems may not be true. For example, we can consider the A 1 -case, where the fractional degree is 1/2 and the spin equation is∂ u + rū = 0. This is a real-linear equation: if u is a solution, then λ u is also a solution for any λ ∈ R. Thus Theorem 1.2 and Theorem 1.3 do not hold. This paper is organized as follows. In Section 2, we will introduce the W -spin equations and their basic properties. In Section 3, we will present our key example of a nonzero solution of the spin equation in the presence of two Ramond marked points. More importantly, we construct a sequence of regular nonzero solutions converging to a singular one. This indicates the complexity of the problem. In Section 4, we give the L p estimate of the∂ operator in certain natural weighted Sobolev spaces arising in the problem and prove∂ is a Fredholm operator under some mild constraints. The core of the paper is in the last two sections, where we establish the three compactness theorems. We will prove Theorem 1.1 in Section 5 and Theorem 1.2-1.3 in Section 6.
SPIN STRUCTURES ON ORBICURVES AND SPIN EQUATIONS
In this section, we will introduce W -spin structures on orbicurves, where W ∈ C[x 1 , . . . , x t ] is a non-degenerate quasi-homogeneous polynomial. By means of W -spin structures, one can define the W -spin equations on orbicurves.
Let W ∈ C[x 1 , . . . , x t ] be a quasi-homogeneous polynomial, i.e., there exist degrees d are uniquely determined by W ; and (2) the hypersurface defined by W in weighted projective space is non-singular, or equivalently, the affine hypersurface defined by W has an isolated singularity at the origin. Remark 2.2. Although the first condition does not play an essential role in this paper, it is essential for producing a compact moduli space of orbicurves with spin structure, which is a major part of the motivation for this paper. Thus we will not hesitate to use this assumption whenever it is convenient.
From now on, we always assume the quasi-homogeneous polynomial W is nondegenerate and the corresponding degrees d, k 1 , . . . , k t of W are the least positive integer degrees.
Example 2.3.
(1) We call W (x) = x r the A r−1 superpotential. In this case, the variable x has weight q x = 1/r. (2) We call W (x, y) = x n + xy 2 the D n+1 superpotential; it has q x = 1/n and q y = n−1 2n . (3) Similarly, we call W (x, y) = x 3 + y 4 ,W (x, y) = x 3 + xy 3 , and W (x, y) = x 3 + y 5 , the E 6 , E 7 , and E 8 superpotentials, respectively, and their weights are (q x , q y ) = (1/3, 1/4), (1/3, 2/9), and (1/3, 1/5), respectively.
Lemma 2.4. If W is non-degenerate, then the group
of diagonal symmetries of W is finite. In particular, we have and with c j = 0. The uniqueness of the fractional degrees is equivalent to saying that the matrix B = (b l, j ) has rank t. We may as well assume that B is invertible. Now write h = (h 1 , . . . , h t ) ∈ H, as h j = exp(u j + v j i) for u j ∈ R is uniquely determined and v j ∈ R is determined up to integral multiple of 2πi. The equations W (h 1 x 1 , . . . , h t x t ) = W (x 1 , . . . , x t ) can now be written as B(u + vi) ≡ 0 (mod 2πiZ). The invertibility of B shows that u l = 0 for all l-thus H lives in U(1) t , and a straightforward argument shows that the number of solutions (mod 2πiZ) to the equation B(vi) ≡ 0 (mod 2πiZ) is also finite.
W -spin structures on smooth orbicurves. Let (Σ, z, m) be a smooth orbicurve (or orbifold Riemann surface) as defined in [20, 22] , i.e., (Σ, z, m) is a Riemann surface Σ with marked points z = {z i } having orbifold structure near each marked point z i given by a faithful action of Z/m i . In other words, a neighborhood of each marked point is uniformized by the branched covering map z → z m i . Let ρ :Σ → Σ be the natural projection to the coarse Riemann surface Σ.
A line bundle L on Σ can be uniquely lifted to an orbifold line bundle onΣ. We denote the lifted bundle by the same L. Definition 2.5. Let K be the canonical bundle of Σ, and let
be the log-canonical bundle, that is to say, the bundle whose holomorphic sections are 1− forms holomorphic away from the special points {Z i } and with at worst simple poles at the Z i . K log can be thought of as the canonical bundle of the punctured Riemann surface Σ − {z 1 , . . . , z k }. Suppose that L 1 , . . . , L t are orbifold line bundles onΣ with isomorphisms Remark 2.7. If L is an orbifold line bundle on a smooth orbifold Riemann surfaceΣ, then the sheaf of locally invariant holomorphic sections of L is locally free of rank one, and hence dual to a unique orbifold line bundle |L| on Σ. We also denote |L| by ρ * L, and it corresponds to the desingularization of L [4] (Prop 4.2.1). It can be constructed as follows.
We keep the local trivialization at other places and change it at the orbifold point z i by a Z/m-equivariant map Ψ :
where Z/m acts trivially on the second (D − {0}) × C. Then, we extend L| ((D−{0})×C) to a smooth holomorphic line bundle over Σ by the second trivialization. Since Z/m acts trivially, this gives a line bundle over Σ, which is |L|. Note that if L is Ramond at z i , then
Example 2.8. A smooth orbifold Riemann surfaceΣ = (Σ, z, m) has a natural orbifold canonical bundle KΣ, namely its (orbifold) cotangent bundle. The desingularization is related to the canonical bundle of Σ by
On the other hand, the desingularization of the log-canonical bundle ofΣ is again the log-canonical bundle of Σ, since K log is Ramond at every marked point (the orbifold action on dz and on z is the same, so it is trivial on dz/z).
Next we study the sections. Suppose that s is a section of |L| having local representative g (u) . Then, (z, z v g(z m )) is a local section of L. Therefore, we obtain a section ρ * (s) ∈ Ω 0 (L) which equals s away from orbifold points, under the identification given by Equation 2. It is clear that if s is holomorphic, so is ρ * (s). If we start from an analytic section of L, we can reverse the above process to obtain a section of |L|. In particular, L and |L| have isomorphic spaces of holomorphic sections. In the same way, there is a map ρ * : Ω 0,1 (|L|) → Ω 0,1 (L), where Ω 0,1 (L) is the space of orbifold (0, 1)-forms with values in L. Suppose that g(u)dū is a local representative of a section of t ∈ Ω 0,1 (|L|). Then ρ * (t) has a local representative z v g(z m )mz m−1 dz. Moreover, ρ * induces an isomorphism from
Suppose now that L r ∼ = K log with the action of Z/m on L as in Equation (1) . Since K log is Ramond at every marked point, we must have rv = lm for some l. The integer l is non-zero precisely when v is, and thus L is Neveu-Schwarz at z i if and only if l > 0. Moreover, we have v < m, so l < r, and of course v m = l r . Suppose that s ∈ Ω 0 (|L|) with local representative g (u) . Then, ρ * (s r ) has local representative z rv g r (z m ) = z ml g r (z m ) = u l g r (u). Hence, s r ∈ Ω 0 (K log ⊗ O((−l i )z i ), and thus when l i > 0, or equivalently, when L is Neveu-Schwarz at every z i , we have s r ∈ Ω 0 (K).
Remark 2.9. More generally, if L r ∼ = K log on a smooth orbicurve with action of the local group on L defined by l i (as above) at each marked point, then we have 
There is a unique element h ∈ H such that exp(2πiv j /m) = h j = exp(2πia j (h)) with a j (h) ∈ [0, 1) for every j. Moreover, for every monomial W i , we have 
Proof. The existence and uniqueness of h ∈ H is a straightforward generalization of the argument for W = W A r−1 , given above. The rest is an immediate consequence of the description of h as h = (exp(2πia 1 (h), . . . , exp(2πia t (h)) and the description of |L j | in terms of the action of the local group G z given above. 
where As before, we assume that
. Let u j =ũ j e j , then it is easy to see that
The bundle |L j | −1 is isomorphic to |L j | topologically. But there is no canonical isomorphism. However, we can choose an isomorphism compatible with the metric. It induces an isomorphism
where e ′ j is the holomorphic basis of |L j | −1 such that e ′ j · e j = 1. It is obvious that I 1 is the unique metric-preserving isomorphism between the corresponding two spaces, and it is independent of the choice of the local charts.
Since
) ∈ K log ⊗ |L j |, the W -spin equation is defined below as the first order system of the sections u 1 , . . . , u t :
Remark 2.11. The desingularization of the orbifold line bundle L j induces isomorphisms
It is easy to see that ρ * commutes with∂ and ∂W ∂ū j , hence the above W -spin equations can be regarded also as equations defined on the orbicurve. However, we will study the W -spin equations in the resolution line bundle |L j |.
Without loss of generality, we can assume that the surface 
On the interior domain Σ 0 , the norm |e i | of the base e i is not singular, we have the usual definition of Sobolev norm 
The weighted Sobolev space
Definition 2.12. Sections (u 1 , . . . , u t ) are said to be regular solutions of the W -spin equations
, and (u 1 , . . . , u t ) satisfy the W -spin equations almost everywhere.
A regular solution is continuous near a Ramond marked point. Hence, it takes a value at a Ramond marked point, which we call the residue of the solution.
The spin equation∂ u j + I 1 ( ∂W ∂ū j ) = 0 has different properties near the Ramond marked points and Neveu-Schwarz marked points.
Let u j =ũ j e j be a local expression in a coordinate near a marked point z l . The W -spin equation becomes
If all the monomials of W are Ramond, then we have
In polar coordinates, this equation can be rewritten as
KEY EXAMPLES
If all the marked points are Neveu-Schwarz, an easy lemma by Witten shows that the spin-equation has only the zero solution. This was the context people worked with on this subject for a long time. It was not clear that in the presence of a Ramond marked point the spin equation still should have only the zero solution. Indeed, for a while this was what people hoped for. In this section, we exhibit examples of infinitely many regular nonzero solutions of the A r−1 -spin equation degenerating to a non-regular solution. All the analysis in this paper was designed with this example in mind.
We first start from local solutions of the A r−1 spin equation.
Example 3.1 (A local solution of the A r−1 -spin equation near Ramond marked points).
Near a Ramond marked point, Equation (7) becomes
If we assume further that u is a real function and depends only on the radius ρ, then we have
Now a special local solution is given bỹ 
Example 3.2 (Global solutions).
Let (CP 1 , 3, z) be a marked sphere with two Ramond marked points and one Neveu-Schwarz marked point with trivial action e 2πi (z, w) = (z, w).
We shall construct a sequence of global regular solutions of the A r−1 -spin equations.
be the affine coordinate in U 0 , so the Fubini-Study metric is given by
So the induced metric on the canonical bundle is given by
In U 0 the A r−1 -spin equation is given bȳ ∂ũ 0 ∂z
If we only consider the real-valued solution, then the above equation becomes
It is easy to check that u =ũ 0 ( 
One can easily obtain the relation:
which is not a regular solution of the r-spin equation.
THE∂ OPERATOR IN WEIGHTED SOBOLEV SPACES
The Fredholm theory of elliptic operators in weighted Sobolev spaces has been discussed by many authors (see [15] , [17] , [16] and references there). In this section, first we recollect the work of Lockhart and Mcowen for general elliptic operators defined on a noncompact manifolds with finite ends. Then as an application of their work, we list the corresponding Fredholm properties for∂ , while giving some useful estimates.
Lockhart-Mcowen theory.
Suppose X is an n-dimensional noncompact manifold without boundary, containing a compact set X 0 such that
where Ω is a n − 1-dimensional closed Riemannian manifold with a smooth measure dω.
Let E, F be rank-d vector bundles over X. Denote by C ∞ (E) the set of smooth sections and C ∞ 0 (E) the set of smooth sections with compact set. Choose a finite cover {Ω 1 , · · · , Ω N } of coordinate patches of Ω and let X ν = Ω ν × (0, +∞). We can continue to choose a covering X N+1 , · · · , X M of coordinate patches of X 0 such that E can be trivialized over
be a trivialization of a section u with compact support over X ν , we can define the norm
where we use the measure dωdτ if ν = 1, · · · , N. Let ϕ 1 , · · · , ϕ N+M be a set of C ∞ partition functions subordinate to the cover X 1 , · · · , X N+M . We define a norm on C ∞ 0 (E) by
and let W p s (E) be the closure of C ∞ 0 (E) in this norm. We can add a weight at infinity to generalize this space. Over X ν , ν = 1, · · · , N we define the weighted norm
where 
we can generalize the definition of weighted Sobolev spaces as
The operator A is also decomposed into A i j :
be the principle symbol of A. We say A is elliptic with respect to (s, r) if det(A 0 (x, ξ )) = 0 for any nonzero (x, ξ ).
Spectrum. LetX = Ω × R be the full cylinder and let
are vector bundles overX with the same rank. Suppose 
is an isomorphism whenever λ ∈ C/C A , where C A is the spectrum of A(ω, D ω , λ ). Denote its inverse by R A (λ ). It is know that there are only finitely many spectrum points in any complex strip {λ : κ 1 < Im(λ ) < κ 2 } and the eigenspace of each spectrum point is finite dimensional. Denote by d(λ ) the dimension of the eigenspace corresponding to the spectrum point λ and let D A := {Im(λ ) ∈ R : λ ∈ C A }.
Take f ∈ C ∞ 0 (F) and consider its Fourier transformation:
If κ ∈ R/D A , then the operator
is a bounded operator and is the inverse operator of A. We have the estimate:
where C is constant.
A priori estimate. Returning to the vector bundles E and F over X, we double their restrictions to Ω × R + to defineẼ andF onX. Using the parametrix method we can obtain the a priori inequality for any κ ∈ R:
Fredholm theory. The a priori estimate is not enough to establish the Fredholm theory, since the embedding (10) and (11) 
In general, X may have multiple cylindrical ends. Assume that there are k ends,
Then in different ends we can choose different weights κ. Let κ = (κ(1), · · · , κ(k)) ∈ R k be the weight vector, then in the same way, we can discuss the weighted Sobolev spaces W 
Note that when k > 1, D A is not a discrete set but the union of (k − 1)-dimensional hyperplanes in R k . . So we have to deduce our required estimates.
Using cylindrical coordinates, the equation becomes
Since || f || p < ∞, this is equivalent to 
On the other hand, by (15) we have the estimate of derivatives:
For the estimate of the L p norm of u s , we have (18) |u
Combining (17) and (18), we obtain ( 
Now we apply the ordinary Sobolev embedding theorem to the functionũ s r c , where
Now using the C k norm estimate, it is easy to obtain the following lemma. On the other hand, we have∂ (u − u s ) = 0. So by Lemma 4.4,
Proof. For any
Therefore when c > 0 we have
This shows that
The following lemma is useful in proving inner compactness.
Proof. This lemma is an easy consequence of the following Hardy inequality ([8]):
for any f ∈ C ∞ 0 (0, ∞), lim t→0 f (t) = 0 and ε = p − 1. holds if the following two conditions are satisfied:
Proof. Under the assumptions on the parameters c and p, one has
Now by the above lemma, it is easy to obtain the following global estimate.
Lemma 4.8. Let∂ u
, and the inequality (27)
holds if the following two conditions are satisfied:
• either 1 < p < ∞ in the case that c jl ≥ 0 at all marked points, or 1 < p < 2 q j if c jl < 0 at some marked point. Now by the previous result, we will show below that∂ :
Under the coordinate transformation z = e −t−iθ , the neighborhood of a marked point z l can be viewed as a half infinite cylinder. We can define the weighted Sobolev space W p s,κ j,l (p) as in last section on
Also we have the expression:
When changed to the cylinder coordinates, the space L
Now it is easy to see that the map∂ :
is equivalent to the composition of the two mapsŴ
. ) has finite-
Since the map −e t−iθ · is an isomorphism, hence∂ is Fredholm iff∂ t,θ is Fredholm and index(∂
) also has finite-dimensional cokernel. Therefore we proved that∂ is Fredholm under the assumption for p.
Boundary value problem and index computation. To compute the index of∂ , we need the index gluing formula and consider the related boundary value problem.
Let z l be a marked point, and consider the restriction of the bundle |L j | B on the disc
Under the (t, θ ) coordinates, this space is equivalent toŴ . Also we can define the space on the interior (
c jl < 0} and the index is independent of p in the interval (2, 2/1 − δ j ).
Proof. We have already proved that∂ : 
. Therefore near marked points with c jl > 0, the two indices are equal. The rest case is to compare the indices near marked points with c jl < 0.
If c jl < 0 at z l , we have 0 ).
On the other hand, since the group action is trivial for the resolved bundle |L j | → S 1 × [0, ∞), the localization Ψ l obtained by resolving operation satisfies Ψ l (e iθ )R = R. Thus ifũ ∈ ker(∂ t,θ :Ŵ
is a real function. In particular a real number is an element in the kernel. By Lemma 4.6, we know that
So combining those consideration, we have
By Lemma 4.9, we obtain the conclusion.
Remark 4.11. In Theorem 4.10 we only proved an index transformation formula for 2 < p < 2/(1 −δ j ) and have not considered the case for general p and not computed the concrete index. One reason is that the moduli problem we consider is based on orbicurves-not the resolved curves, for which we can't do the gluing operation. However the analysis on resolved curves is more understandable, and the result is easily translated into results on orbicurves. Therefore, we concentrates only on the analysis of resolved curves.
INNER COMPACTNESS OF THE SOLUTION SPACES OF W -SPIN EQUATIONS
In this section, we will discuss the compactness problem for the W -spin equations. We will prove if R, the sum of the residues of W (u 1 , . . . , u t ) at each Ramond marked point, is finite, then the corresponding solution space is compact, hence the so-called "inner compactness" holds. However, as shown by Example 3.2, if R is infinite, then the space of the regular solutions is not compact. The singular solutions of the W -spin equations should be added to compactify the solution space.
Above all we prove that the regular solutions of the W -spin equations lie in L p 1 space for some p > 2.
Denote by P i (u) the nonlinear term of the W -spin equations (4) .
is the special solution we constructed before. We have the estimate by (2) of Lemma 4.3
for any 1 < q < ∞. On the other hand, u i − u i,s is a meromorphic section with a possible singularity at the marked points.
, by the restriction of integrability, u i − u i,s should be a holomorphic section by (1) of Lemma 4.4.
There are two cases:
The inequalities (29) and (28) induce
Remark 5.1. We can use the global L p -estimate of the∂ operator in weighted Sobolev space to get the estimate of the L p 1 norm, but the classical Sobolev embedding theorem can't be used here to get the estimate of the L q norm.
We estimate the norm
for some p > 2. For simplicity, we take a monomial W l .
If b li = 1, we can choose the Hölder index group
for small ε such that each entry greater than 1. By the Hölder inequality, we have
If b li = 1, we use, instead, the following Hölder index group to obtain the analogous estimate:
Thus, if we let δ = min{q 1 , . . . , q t } and choose 2 ≤ p <
is L p integrable for any i. Combining the interior estimate and the estimate near the marked points, we obtain Lemma 5.2. Suppose (u 1 , . . . , u t ) 
|| 2 ) is a constant depending on the norms ||u i || 2 , and
Corollary 5.3. Suppose u is the solution of an r-spin equation, then u is smooth away from the marked points and is
By the above lemma and using the classical Sobolev embedding theorem near the Ramond marked points (since in this case the weighted norm control the classical norm), we know eachũ i is continuous at marked point z l with c il < 0 and have the estimate:
Therefore, we can give the following definition.
Definition 5.4.
Suppose that z is a Ramond point and W j is a Ramond monomial in W , then for sections u i , i = 1, . . . ,t, W j (u 1 , . . . , u t ) lies in the log-canonical bundle K log . Then ResW j at z is defined as the coefficient of the base dz z . If locally we have the representation
Further estimate of the W -spin equations Consider the following integral
We will show that the Neveu-Schwarz marked points and the Ramond marked points have different contributions to the integral. For simplicity, we assume there is only one marked point on a smooth curve Σ.
1. Assume at this marked point z l = 0 that the monomial W j is Ramond, then
2. Assume at this marked point that W j is Neveu-Schwarz. Furthermore without loss of generality, we can assume that for 1 ≤ i ≤ t l the bundles |L i | are Ramond and for t l + 1 ≤ i ≤ t the bundles |L i | are Neveu-Schwarz.
We have , then
This is equivalent to
for c i0 > 0. By the Sobolev embedding inequality, we have
Therefore,
If Σ is a nodal curve, then by a similar argument, we can prove that the nodal points make no contribution to the integral.
In general, if there are multiple marked points, one has 
Controlling norms of u i by R
Our aim is to control the suitable norms (Sobolev norms or Hölder continuous norms) of the solutions u i by R, the sum of residues of W at Ramond marked points. 
and the constant C depends only on W . If q i ≤ 1/2 for all i ∈ {1, . . . , n}, then δ i ≤ 1 for all i ∈ {1, . . . , n}. If q i < 1/2 for all i ∈ {1, . . ., n}, then δ i < 1 for all i ∈ {1, . . . , n}.
An immediate corollary is the following. 
where C is a constant independent of u i , for all i = 1, . . . ,t.
The proof of the theorem depends primarily on the following. 
whose highest degree term in x i is constant (that is, independent of s 1 , . . . , s n ).
The polynomial p i corresponds to a sort of "resultant" of the polynomials
Proof (of Lemma 5.10).
Since W is quasi-homogeneous, the polynomials
. . , x n , s 1 , . . . , s n ] are also quasi-homogeneous, of total weight 1 − q i , provided s i is assigned weight 1 − q i as well. Let X denote the closed subvariety of weighted projective space P 2n−1 (q 1 ,...,q n ,1−q 1 ,...,1−q n ) defined by the vanishing of all the f i :
Any point of X of the form (a 1 ; . . . ; a i ; . . . ; a n ; 0; . . . ; 0) corresponds to a non-trivial solution of ∂W ∂ X j = 0; thus the linear subspace
. . . ; 0; . . . a n ; 0; . . . ; 0)} ⊆ P 2n−1 (q 1 ,...,1−q n ) does not intersect X when W is non-degenerate.
The projection π i from E i to the subspace {(0; . . . ; x i ; 0; . . . ; 0; s 1 ; . . . ; s n )} ∼ = P n
is a proper morphism of projective varieties, and thus the image π i (X) ⊆ P n
is a closed subvariety. Moreover, π i (X) is not all of P n (q i ,1−q 1 ,...,1−q n ) ; otherwise the point (1; 0; . . . ; 0) ∈ P n (q i ,1−q 1 ,...,1−q n ) would have a point in X lying over it, and that would contradict the non-degeneracy of W . Consequently, π i (X) lies in a hypersurface defined by a quasi-homogeneous polynomial p i ∈ C[x i , s 1 , . . . , s n ], such that p i (1; 0 . . . ; 0) is not zero.
In particular, if we write p i as a polynomial in x i with coefficients in C[s 1 , . . . , s n ], then the leading coefficient is constant-independent of s 1 , . . . , s n .
Writing p i as a polynomial in x i , we have
To bound the size of x i in terms of the s j , we must calculate bounds on the degree in s j of each coefficient c l . For each l, each term of c l will be of the form αs σ 1 1 · · · s σ n n for some non-negative integers σ j and for α ∈ C. Since p i is quasi-homogeneous, we have
This gives
for some constant K, depending on l and W , but independent of all s j . The following lemma is a simple consequence of the Geršgorin disc theorem and is the final tool that we need to bound the roots of the polynomial p i . Suppose that {u n 1 , . . . , u n t } is a sequence of solutions of the W -spin equation
Let u n i =ũ n i e i in a local coordinate. We will discuss the compactness of the solutions in two domains.
(1). Compactness in the interior domain away from the marked points.
COMPACTIFYING THE SOLUTION SPACE OF THE W -SPIN EQUATION
As shown in Example 3.2, the space of the regular solutions may not be compact. To compactify this space, we need to add those solutions having a singularity at Ramond marked points. First, we give a definition of those solutions. ∈ L 2 loc (Σ\ Ramond marked points), and they satisfy the W -spin equations pointwise away from the Ramond marked points and are not regular solutions of the W -spin equations.
To compactify the solution space in a suitable topology, we have to consider the asymptotic behavior of the singular solutions near the Ramond marked points. First, we deduce some basic estimates of the general W -spin equations.
Assume that 0 is the unique Ramond marked point in B 2 (0) and that (u 1 , . . . , u t ) is a singular solution in B 2 (0) − {0} of the W -spin equation. Let u j =ũ j e j , then locally the W -spin equation can be written as
If we setũ j = ϕ j z q j −a j , then an easy computation shows that the above W -spin equation has the following simple form:
Note that the ϕ j 's are only locally defined, though their norms are well-defined in a neighborhood of the origin.
First, by Equation (45), we have the identity
Since W is a quasi-homogeneous polynomial, it is easy to show
By Equation (45) and Identity (47), we have
Taking the derivative ∂ z of the above equation, we have
By Equation (45) and (46), we obtain (50)
Therefore, by Equation (50), we have the important equation for the norm N(z) := ∑ i q i |ϕ i | 2 :
This implies the maximum principle (see [CW] ).
Lemma 6.2. For any p
To get a pointwise estimate of the upper bound for the solutions, we need a uniform local integral estimate of N(z). At first we will discuss the A r−1 case, since it is simpler than the general case and we can get better estimates. Subsequently, we will consider the general W -case for W = W (x 1 , . . . , x t ) a non-degenerate quasi-homogeneous polynomial with all weights wt(x i ) < 1/2. Let ψ β , for β > 0, be a cut-off function with support away from the origin. We have
Integrating by parts and using the Hölder inequality, we have We can also obtain the Harnack inequality for |ϕ|. Since g is bounded, to prove the Harnack inequality for ϕ, we need only prove the Harnack inequality for Ψ. Now L − log |Ψ(z)| is a nonnegative and harmonic function, so we have the gradient estimate:
i.e., |∇ log |Ψ(z)|| ≤ C(r, θ ), which implies the Harnack inequality in T (1 − θ , 1), |Ψ(z)|.
To prove the Harnack inequality in the annulus T (ε(1 − θ ), ε), we use the scaling invariance of Equation (53). Namely, if ϕ is the solution of (53) in T (ε(1 − θ ), ε), then ϕ ε (z) := ε 1 r−2 ϕ(εz) is the solution of (53) in the annulus T (1 − θ , 1) . Thus one can easily get the same conclusion in the annulus T (ε(1 − θ ), ε). So if |z| < r 0 for some r 0 depending only on W , we have for any z ∈ B r 0 (0), Applying Theorem 6.7 to the A r−1 case, we can recover the first upper-bound estimate in Lemma 6.3, since in this case the fractional degree q = 1/r and κ = 1/(r − 2). Similarly, only by calculating the fractional degrees and κ i , we can obtain the following pointwise estimate of the D n+1 , E 6 , E 7 , E 8 cases. Proof. This is because the fractional degrees of the D n+1 polynomial are (q 1 , q 2 ) = ( Since the E 6 , E 8 cases are the same as the A r−1 case, we will only write down the corollary for the E 7 case. Proof. This is because the fractional degrees (q 1 , q 2 ) = ( Proof of Theorem 1.2. By Theorem 6.7, we have a uniform upper bound for the (regular or singular) solutions on ∂ Σ ε . Then we can consider the following integral
over Σ ε minus some small discs around the Neveu-Schwarz points. This integral can be reduced to the sum of some curve integrals over the circles bounding the small discs and over ∂ Σ ε . As in the proof of the previous section, the line integrals over the circles bounding the small discs will tend to zero as the radius tends to zero. Only the line integrals over ∂ Σ ε contribute. But by Theorem 6.7, we have the uniform pointwise estimate for any solutions (singular or regular solutions). So we have
where C ε only depends on ε. Now the same method used to prove inner compactness shows that weak compactness also holds.
Proof of Theorem 1.3. This follows from weak compactness and the fact that all the (regular or singular) solutions are uniformly integrable in a small neighborhood of the Ramond marked points as shown in Theorem 6.7.
